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Abstract

This paper compares a semi-analytical self-similar solution of the problem of a hydraulically driven
fracture with results obtained using the numerical model Loramec. The problem under consideration is a
hydraulic fracture propagating in an infinite impermeable elastic medium under plane strain conditions. The
fracture is driven by an incompressible Newtonian fluid injected, at a constant rate, from a source located
at the center of the fracture. There are some differences between the two models in regard to the modeling
of the near tip processes. The semi-analytical solution is built on the assumptions that the fracture is
completely filled by the injection fluid and that the solid has zero toughness, while the numerical model
explicitly accounts for the existence of a priori unknown lag between the fluid and crack front. It is shown
that the numerical results exhibit self-similarity; in particular the predicted power law dependence on time
of the net pressure, aperture and fracture length is well observed in the numerical results. Also, a very good
agreement between the self-similar and the numerical solution is observed under conditions of ‘small’
toughness. The results of this study actually suggest that the self-similar zero toughness solution is a good
approximation to cases where the rock has a non-zero fracture toughness and a fluid lag develops, provided
that the ratio 6 of the rate of energy dissipation in the solid over the viscous dissipation in the fluid is less
than 1072 © 1999 Elsevier Science Ltd. All rights reserved.

Nomenclature

2  dimensionless viscous dissipation
E’  plane strain modulus

%  dimensionless energy release rate
K. toughness

A" dimensionless toughness
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L characteristic length

/ half-fracture length (length of one wing)

p net pressure

pr fluid pressure

g  flowrate

O, constant injection rate

T  characteristic time

t time

x  space coordinate with origin at the center of the fracture
w  crack opening.

Greek symbols

volumetric constant

solid to fluid dissipation ratio
dimensionless fracture length
fluid viscosity

dimensionless coordinate (similarity variable)
dimensionless net pressure
far-field minimum principal stress
dimensionless time

dimensionless flow rate
dimensionless crack opening.
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1. Introduction

Hydraulic fracturing is one of the most important stimulation techniques of the energy industry.
This operation is used to enhance the flow of fluids from oil, gas and geothermal reservoirs.
Mathematical modeling of the hydraulic fracturing process is performed in order to predict the
fracture response to both reservoir and fluid properties, in situ stresses and pumping rate (Perkins
and Kern, 1961; Nordgren, 1972; Geerstma and Haafkens, 1979; Nilson, 1988). Challenging
difficulties in modeling arise from the non-local character of the response of the fracture and the
highly non-linear coupling between the equations governing fluid flow in the fracture and those
which govern rock deformation produced by fluid pressure. This problem persists even if, as in
this paper, one restricts oneself to the framework of linear elasticity and lubrication theory.

In this paper, we compare a semi-analytical solution (computable to any required level of
accuracy) of the problem of a hydraulically driven fracture (Carbonell, 1996; Carbonell and
Detournay, 1998), with results obtained with the numerical code Loramec (Desroches and Thier-
celin, 1993). The semi-analytical solution is built on the restrictive assumptions of a zero toughness
solid and zero lag between the fluid and crack front. Also, this solution makes use of recent results
obtained by the SCR Geomechanics Group (Desroches et al., 1994) regarding the asymptotic
behavior of the solution near the fracture tip. This near tip solution corresponds to an exact
matching singularity between the lubrication and the elasticity equations, which differs from the
classical results of linear elastic fracture mechanics.
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Fig. 1. Two-dimensional fluid-driven fracture.

The problem under consideration is a hydraulic fracture propagating in an infinite impermeable
elastic medium under plane strain conditions, see Fig. 1. A far-field compressive stress of magnitude
g, acts perpendicular to the fracture. The fracture is driven by an incompressible Newtonian fluid
injected from a source located at the center of the fracture. It is assumed that the fracture is in
mobile equilibrium at all time, and that crack propagation is quasi-static. Also, the flow of fluid
in the fracture is modelled using the lubrication approximation.

Given that fluid is injected into the fracture at a constant volumetric flow rate Q,, we seek to
determine the fracture half-length / as a function of time ¢, the crack opening w, and the fluid
pressure p; (or the net pressure p = p;— 0,,) as a function of both position (defined by the coordinate
x with origin at the center of the fracture) and time ¢.

The main objective of this comparative study is to evaluate the relevance of the zero toughness
solution to predict the characteristics of a hydraulic fracture propagating in a rock of finite
toughness.

2. Self-similar formulation

A self-similar solution for the considered hydraulic fracture problem has recently been obtained
by Carbonell and Detournay (1998). This solution (hereafter referred to as CD) is based, however,
on two additional assumptions: (1) the fracture is completely filled by the injected fluid (in other
words, the fluid front coincides with the crack tip); (2) the solid has a zero fracture toughness. In
the following, we outline the mathematical basis of the CD solution. It is worthwhile to note that
a self-similar solution for the case of zero toughness can be obtained for an injection rate varying
either as a power law or an exponential function of time (Spence and Sharp, 1985), although here
we restrict considerations to a constant injection rate Q..
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2.1. Governing equations

The theory of elasticity provides a relation between the net pressure p(x, t) = p{x, t)—o, and
crack width w(x, ¢) (Rice, 1968)

_E (7 ow(s, 1) ds
P = 4n 0s X—s

(1)

—1

where E' = E/(1—v?) is the plane strain modulus written in terms of Young’s modulus E and
Poisson’s ratio v.

The lubrication equation, or Reynolds equation, that governs the flow of fluid in the fracture is
given by (Batchelor, 1967)

ow_ 1 o/ . op 2
al_l2u8xwax' )

This equation is obtained by combining the continuity equation with Poiseuille law

ow dq w dp
G tor=® 17 s v

where ¢ denotes the volumetric flow rate, and u the fluid viscosity.

2.2. Initial and boundary conditions

In view of the symmetry of the problem with respect to the position of the source (which
corresponds to the origin of the coordinate, x = 0), the inlet flow boundary condition translates
into

0,
q|x:0+ = _QL\»:of = 7 atx =0. (4)

The conditions at the fracture tips (x = +/) correspond to a zero crack opening and to no-flow

w=0 ¢g=0 atx= +/ %)
This latter condition can also be translated into a condition on w and p, in view of eqn (3)
dp
3
= = + .
Wy 0 atx= +/ (6)

Due to the symmetry in loading and geometry, the hydraulic fracture propagates solely in Mode
I. The assumptions that the fracture is in mobile equilibrium at all times and that the rock has zero
fracture toughness imply that the Mode I stress intensity factor K| is equal to zero. The stress field
ahead of the fracture tip does not exhibit, therefore, a square root singularity; rather, the following
condition must be satisfied (Rice, 1968):

(Fx)"w=0 atx= +1 (7

Recent investigations of the near tip process have led to the obtention of an exact matching
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singularity between the lubrication and the elasticity equations, under the conditions that the fluid
front coincides with the crack tip and that the solid has zero toughness. For a Newtonian viscous
fluid, the near-tip singular solutions for the net pressure p. and the crack opening w,, are (Desroches
et al., 1994)

We _ 2133506223 Px 1

L, B 22332313 )

where the dimensionless coordinate &, and the lengthscale L, are defined as &, = (x—1/)/L, and
L, = 12 pl/E’. It is important to note that all the tip conditions (5), (6) and (7) are automatically
satisfied with the asymptotic solution (8).

Finally, an alternative way to express the inlet flow boundary condition (4) is to equate the total
injected volume of fluid V(¢) to the volume of the hydraulic fracture

V= f wds = Q.t. 9)

2.3. Dimensional considerations and similarity formulation

We first introduce a time scale 7' and a length scale L. Here, T is expressed in terms of the ratio
of the fluid viscosity over the plane strain modulus, while L is introduced through the volume of
fluid V injected during this characteristic time T

_12p

T=
E/

L=./0.T. (10)
A dimensionless moving coordinate ¢ and a dimensionless time 7 are then defined as follows

g=¥ oL (1)

We now introduce the scaled fracture length y(7) and the following dimensionless field quantities:
the net pressure 11(¢, 7), the flow rate W(¢&, 7), and the crack aperture Q(¢, 1)

/ p qT w

After conversion of variable from the fixed coordinate x to the moving coordinate ¢, the governing
equations of the two-dimensional hydraulic fracture problem become

=_1Jl o dp 0Q . x0Q 10 Qz‘m)
duy | 0pp—¢ 0t Ty o& i\ o

Following Spence and Sharp (1985), we now search for self-similar solutions for pressure and
crack opening of the form

Q1) =y1'7QLE)  TI(E, 1) = 77 TILE) (14)

as well as a power law expression for the scaled length (1)

(13)



4874 R. Carbonell et al. | International Journal of Solids and Structures 36 (1999) 4869—4888

x(z) =y (15)
where the a priori unknown constant y is defined in terms of the fracture volume
1
y = J Q(p) dp. (16)
-1

Substituting the above expressions in the governing eqns (13) yields a system of integro-differential
equations

1 [ Qldp
e = —47J1p_5 o
lQ _%ggz _d Q) (18)
3 4 3 ¢ df St

(with the prime denoting differentiation) subject to the following tip conditions
IFH Q=0 Q=0 QI =0 até=+1. (19)

It can readily be deduced from the Poiseuille eqn (3) and the above equations that the dimen-
sionless flow rate ¥ does not depend on 7, and also can be written as

¥ =7y"W(O) = — QUL (20)

Finally, by using the scaling eqns (11) and (12), the tip solution (8) can be recast into an
asymptotic solution of the two functions Q(¢&, 7) and II(&, 7) near the end points, ¢ = +1. Then,
adopting the power law (15) for the fracture length, the near tip solution becomes

1

BT for |1« L. @1

Qg’ — 22/331/’2(1 1 6)2/3 H: —

2.4. Method of solution

Determination of the net pressure IT:(£) and crack opening Q.(¢) is carried out using a numerical
method, inspired by the procedure described by Spence and Sharp (1985). This method consists in
first finding a representation for Il. and Q. such that the elasticity eqn (17) and boundary
conditions (19) are automatically satisfied. Furthermore, the solution F (i.e. either I, or Q) is
expressed as a sum of a ‘general’ and a ‘particular’ source solution, denoted as F* and F**,
respectively

&) = F*Q)+BF* () (22)

where B is a coefficient. On the one hand, the general solution F* has the expected behavior at the
fracture tips but is characterized by a zero pressure gradient at the source £ = 0 (and therefore
does not fulfill the expected behavior near the source eqn (4)). On the other hand, the particular
solution F** is characterized by a jump of the pressure gradient at ¢ = 0 and by a non-singular
behavior at the fracture tips. Finally, the general solution F* is represented as an infinite series of
base functions F*(&), i.e.
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Q) = Y AFHQ)

where A, i = 1,..., oo are initially unknown coefficients, like B (see expressions for IT: and Q. in
appendix A).

In the CD solution, the base functions F* are expressed in terms of Jacobi polynomials, rather
than Chebyshev polynomials as done by Spence and Sharp (1985) who searched for a solution
based on the LEFM square root singularity. Then, truncating the infinite series F*, an n-order
approximation F"(&) for pressure and crack opening is obtained. Substituting F*(¢) into the
lubrication equation leads to the formulation of a non-linear algebraic equation in &, containing
the (n+ 1) unknown coefficients. These (n+ 1) free parameters are then computed by enforcing
satisfaction of the non-linear algebraic equation at a set of (n+1) collocation points ¢,
j=1...n+1, see Appendix A. Note that calculation of the coefficients carry not only an insig-
nificant cost (of the order of 1 min on PC Pentium computer for n = 10), but that it needs to be
performed only once.

The quantities y, I1:(0), Q:(0) characterizing the solution are estimated to be y ~ 0.613,
I1:(0) ~ 0.546, Q.(0) ~ 1.839, according to the approximation n = 10.

3. Numerical model

A detailed description of the numerical code Loramec is given by Desroches and Thiercelin
(1993) and Desroches (1998). The code can be used to simulate the propagation of either plane
strain or penny-shaped hydraulic fractures under very general conditions, such as variable injection
rate, ‘power-law’ rheological behavior of the fluid (which includes Newtonian behavior), diffusion
of fluid through the fracture walls. Although Loramec is not the most used model in the industry,
itis the only hydraulic fracturing model the authors are aware of which compare well with carefully
monitored laboratory data (Desroches and Thiercelin, 1993). Furthermore, Loramec is geared
towards precision and focuses on what happens near the tip of the fracture, whereas most models
in the industry are designed for speed and the prediction of overall quantities. A description of the
model relevant to the cases investigated in this paper is presented in Appendix B.

The essential differences in the assumptions on which the two solutions are built concern the
modeling of the tip process. In Loramec, the fracturing fluid does not necessarily reach the tip of
the fracture; a fluid lag may develop. The pressure in the lag is taken either as the pore pressure
for permeable rocks or as the fracturing fluid vapor pressure for impermeable rocks. If there is a
lag, the pressure in the lag is known, and the lag size is unknown. If there is no fluid lag, however,
the pressure at the tip is one of the unknowns. Finally, the propagation criterion in Loramec
requires a non-zero fracture toughness, which can be ‘small’, however.

4. Comparison
4.1. Numerical simulations

In designing the comparative study, the input data of the simulations have been chosen in
accordance with expected parameters for a hydraulic stimulation carried out in the field. The input
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data used in the numerical simulations are: O, = 4 x 10 m?s~',v = 0.15, 6, = 50 MPa, u = 853 cp
(8.53x107"MPas™ '), E = 25GPa, and K;. = 0.001,0.1, 1, 5and 10 MPa m ™" The corresponding
values of E', T, and L are: E' =25.6 GPa, T=4x10""" s and L = 1.265x107° m. Also, we
introduce the dimensionless toughness #" defined as

. KIC
- E/LI/Z :

(23)

Hence, the values for the dimensionless toughness used in the numerical simulations are:
H =35%x107°3.5x10733.5%x10721.7x10""and 3.5x 10",

Some of the specifics of the numerical calculations are given below. The computational grid
consisted of 43 nodes, most of them being concentrated near the tip of the fracture. The com-
putations started at 0.159 s and ended at 1000 s. The calculations took 296 time steps, with an
average of 60 iterations per time step to converge onto the solution. Over the considered time
interval, the fracture grew from an initial length of 0.4 m to a final length of 137 m, with the
fracture length incrementally increased by 2% at each time step. The running time for one
simulation was about 25 min on a Sun UltraSparc 1 workstation.

4.2. Results

Comparison of crack length A(t), pressure I1(0,7), and fracture opening Q(0, ) at the fluid
injection point in terms of T are shown in Fig. 2 for all values of toughness considered. Interestingly,
the numerical results indicate a power law dependence on time, which is virtually identical to the
self-similar solution. These results suggest that the numerical solution follows a self-similar pattern,
at least for the set of parameters considered. It follows therefore that it is appropriate to compute
from the raw numerical results the ‘reduced’ fracture opening Q. and net pressure I1: according to
eqn (14), and to compare these reduced results with the semi-analytical solution.

Comparison between the numerical and semi-analytical solution for toughness 2 up to
1.7x 107" shows an excellent agreement between the two solutions. Representative results for
I1.(¢) and Q.(¢) computed at different times are shown in Figs 3-5 for the cases # = 3.5x 1077,
3.5x107% and 1.7 x 10~'. However, plot (c) in Figs 3 and 4 for #" < 10~ shows a discrepancy
between the two solutions near the tip at early time due to the presence of the fluid lag. (The fluid
lag decreases in absolute terms with time.) These results suggest that the semi-analytical solution
is capable of capturing the global behavior despite the fact that a fluid lag is present at the fracture
tip. The numerical results also indicate that Q.(¢) behaves as (1 —&)*” at an intermediate scale (see,
for example plot (c) in Fig. 5). In other words, the simulations show evidence that eqn (8) develops
as an intermediate asymptotics for these values of 7.

The results for the #" = 3.5 x 10~! simulation are plotted in Fig. 6. The numerical results show
a clear discrepancy with the semi-analytical solution. At the tip (see plot (c) in Fig. 6), the numerical
results are characterized by Q.(¢) behaving as (1 — &) near the tip and at an intermediate scale at
all times. Hence for this particular simulation, the CD solution no longer applies, although the
toughness is only twice the value corresponding to Fig. 6. These results imply not only the existence
of a different solution for ‘high toughness’, but also a very rapid transition between two solutions.
The excellent agreement observed between the CD solution and the numerical results, for the set
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Fig. 2. Solution at the injection point.
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Fig. 3. Net pressure and crack opening profile for the case #" = 3.5x 10>
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Fig. 4. Net pressure and crack opening profile for the case # = 3.5x 1072,
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Fig. 5. Net pressure and crack opening profile for the case #" = 1.7 x 107",
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of simulations carried out for #* < 10, suggest that the CD solution, built on the assumptions
of zero fluid lag and zero toughness, has some relevance.

4.3. Discussion

To cast these observations into a different perspective, we first observe that the power law
dependence on time exhibited by the numerical results imply the same power law dependence on
time for both the viscous dissipation & (Z is actually the dissipation scaled by the characteristic
value I' = E'L?*/T) and the energy rate 2%/ expended in creating new fracture surfaces (4 = 47
denotes the dimensionless energy release rate). Indeed,

1
%ﬁf”éz—MJ%Mﬁ (24)

0

and
7 4 2,,-—1/3
2%=§x¢z . (25)

Itis conjectured that the CD solution applies under conditions where the rate of energy dissipated
in the solid to extend the fracture energy is small in comparison with the viscous dissipation in the
fluid. The condition, under which the CD solution is expected to appropriately describe the
behavior of a hydrofracture, can then be stated in terms of a dimensionless number 6 which is
simply proportional to "

0 4) A4y’ o’
9 3 (26)
Values of 9, y and 6 for the CD solution (#" = 0) and the numerical simulations are presented in
Table 1.

Thus in more general terms, the results of this study (summarized in Table 1) suggest the
existence of three regimes of solution, which could be discriminated in terms of the dissipation

ratio 0:

Table 1
Value of y, 6 and 6 for different ¢

A y 0 0

0 0.613 0.408 0

3.5x107° 0.616 0.362 2.8x107°
3.5x1073 0.613 0.369 2.7x107°
3.5x10°? 0.615 0.383 2.6x107°
1.7x107" 0.609 0.441 5.3x1072
3.5x107! 0.580 0.309 3.1x107!

First line corresponds to the semi-analytical solution.
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e 0 < 102, viscosity-dominated regime for which the CD solution applies;
e 1072 < 0 < 107", transition regime;
e 0 > 107", toughness-dominated regime.

Additional simulations are needed, however, to ensure the appropriateness of distinguishing
uniquely the different regimes of the hydraulic fracturing process by means of the dimensionless
ratio 6. Moreover, a detailed set of simulations is required to explore the behavior of the solution
in the transition regime.

The conclusion, that the zero-toughness solution is applicable under conditions of ‘small’
toughness, is also supported by the solution of a semi-infinite hydraulic fracture propagating in an
elastic solid with finite toughness (Garagash and Detournay, 1998). The analysis of this semi-
infinite fracture shows that the singular zero toughness solution (8) is actually the asymptotic
solution at infinity. In other words, at large enough distance from the tip (increasing with tough-
ness), the solution behaves as if the solid had zero toughness and the fluid was reaching the fracture
tip. Translated to the case of a finite fracture, this result thus suggests that the details of the tip
solution associated with the rock toughness and a fluid lag becomes inconsequential, if eqn (8) can
develop as an intermediate asymptotic solution.

5. Concluding remarks

Numerical simulations of a hydraulic fracture propagating in an impermeable rock exhibit global
self-similarity, for a constant injection rate. In particular, the predicted power law dependence on
time of the net injection pressure and fracture aperture at the injection point, and fracture length
is well observed in the numerical results. Furthermore, there is a very good agreement between the
self-similar and the numerical solution, under conditions of ‘small’ toughness.

This agreement suggests that the semi-analytical zero toughness solution is applicable to cases
where the rock has a non-zero fracture toughness and a fluid lag develops, provided that the ratio
0 of the rate of energy dissipation in the solid over the viscous dissipation in the fluid is less than
1072, This study also indicates that the existence of a sizeable fluid lag has a negligible effect, up
to 5 ~ 10% of the fracture extension, on the injection pressure and crack aperture at the wellbore.

Acknowledgements

The first author would like to thank Intevep for financial support while he was enrolled in the
Ph.D. program at the University of Minnesota. The second author wishes to thank Schlumberger
for being able to publish this work. The authors would like also to acknowledge the benefits of
many valuable discussions with Anthony Pearson.

Appendix A
Numerical solution for the similarity formulation

The numerical solution of the system eqns (17) and (18) begins with the obtention of a suitable
representation for Il: and Q.. Following the procedure described by Carbonell and Detournay
(1998), I1: and Q: are expressed as the sum of a general and a particular source solution
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H:(S) = IT*(&) + BIT**(S)

Q.(&) = Q*(&) + BQ*™(<) (A.1)
where B is an as yet undetermined coefficient. Both the particular [IT**(¢£), Q**(¢)] and the general
solution [IT*(¢), Q*(¢)] satisfy the elasticity eqn (17).

The particular solution, which is not associated with any stress singularity at the tip, is introduced
to account for the discontinuity of the pressure gradient at the source

M** = 2—ni¢]
1—(1-&)'"
+(1-e)

The general solution IT**(&), Q**(&) is written in the form of an infinite series of base functions

I1#(0), QF(9)

Q** = 4(1—EH)'*+2E%1n ’ (A.2)

M) = 3 ATFQ)

Q&) = ), 4950 (A.3)
i=1
where each base function is expressed in terms of orthogonal Jacobi polynomials as follows

1 1+é 1/3 é 1/3
*— P 1/3 1/3) _ pU/3,—1/3)
I; 4X3U{ <é)[< é> +2] P, (5)[( . é> +z]} (Ad)

1
*_

T2Qi—1)

[P =1+ + PEEIIE 1+ (1-9)*7]. (A.5)
An n-order approximation IT¢(¢), QY(¢) to TI(¢), Q:(¢) is then sought by truncating the series
representation of eqn (A.3) after n terms. Substituting IT(¢), QY(¢) into the lubrication eqn (18),

leads to the formulation of a non-linear algebraic equation in terms of the (n+ 1) unknowns A",
i = 1, n and B". This equation takes the form

E'(&, 47, B")—E(, 4", B”) =0 (A.6)

where Z' and Z" are given by

1 2 2
EIE A", B") = _Zl AE’”[L*(&H 3 69?‘(5)}+B(”)[1**(5)+ 359**(5)}

=/, AP, B") = —[’i A5'1>Q;k(»:>+8<">9**(«:)}’ [z AE‘”H?"(é)+B(”)H**’(c‘5)} (A7)

In the above equations, 7*(¢) and 7**(£) denote two integrals, respectively defined as
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1#() = J QF(p)dp (A.8)

S

1**(8) = J Q**(p)dp. (A.9)

¢

The integrals /*(¢) and i**(&) can be solved analytically; their close-form expressions are given by
Carbonell (1996).

Finally, a non-linear least-squares collocation method is used to solve for the n+1 unknown
coefficients 4™, i =1, n and B™. The numerical algorithm consists in seeking the unknown
coefficients such that eqn (A.6) is satisfied at each of a set of n+ 1 collocation points &, i = 1, n+1.
The coefficients 4", i = 1, n and B" are determined by minimizing the objective function A (4",
B™) defined as

ntl /=l m RO 2
A Z<~@%Afif)_1>‘ (A.10)
SSINE(E, 47, B)
Note that the solution corresponds not only to the minimum of the least-squares error A, but also
to the vanishing of A.

The minimization is carried out using the steepest descent method. The convergence tests for
the minimization are

| AR — AR <e (A.11)
and
Ak—o— I(A(ln,;ca L) AI(In/)C5 B(kn)) = Ak+ I(A(lyl}(—o— | XN AE;”13+ 15 B;\nl 1) (Alz)

where the ‘equality’ in eqn (A.12) has to be understood at the machine precision. In the above, the
subscript k characterizes the value of a coefficient at the kth iteration, and ¢ is an arbitrary small
number.

In general, calculations have been done using values of ¢ = 10~ ° for the convergence test, with
rapid convergence in kth < 10 iterations. Numerical calculations have shown that, for any initial
guess of coefficients A') and B{’, to minimize the objective function A (4", B"), yields the same
minimum point or final set of coefficients. It implies that A (4%, B™) has a well-defined minimum.

Appendix B
Numerical model (Loramec)

Preamble

Loramec is a numerical model for the propagation and closure of hydraulic fractures of simple
radial and plane strain geometries (Desroches and Thiercelin, 1993; Desroches, 1998). We detail
here only the hypotheses and implementation related to the propagation of a plane strain fracture
driven by a Newtonian fluid in an impermeable medium.
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The physical processes modelled by Loramec include the opening of the fracture through fluid
pressure, the creation of new fracture surface, the motion of the fluid in the fracture and the
percolation of the fluid into the solid through the fracture walls (which is neglected here). The
following assumptions are made: the fractured material is infinite, isotropic and linear elastic; the
fracture is considered as a surface of discontinuity in the elastic medium across which there is a
jump in normal displacement corresponding to the aperture of the fracture; the fracture is planar
and propagates perpendicularly to the minimum principal stress direction; the fracture propagation
is quasi-static; the fracturing fluid is incompressible and its rheological behavior is Newtonian; the
fluid does not necessarily reach the tip of the fracture: there is a possibility of a dry zone, or fluid
lag, at the fracture tip.

The solution of the model consists of, at any time after fluid injection has started, the extension
of the fracture, the position of the fluid front, the distribution of fluid pressure and fracture width
along the fracture extension.

Formulation

The algorithm is based on an integro-variational approach for the elasticity equation, relating
the gradient of the fracture aperture to the net pressure of the fluid in the fracture (Nedelec, 1980).
It is obtained through a variational formulation on the elasticity equation written as an integral
equation. Like in a classical boundary value problem, the reduction of the problem to the dimension
of the fracture surface is conserved. The singularity of the kernel is reduced to a Cauchy singularity.
Finally, provided that the Mode I stress intensity factor K; is strictly positive, this formulation
ensures the correct behavior of the fracture width in the vicinity of the tip of the fracture without
resorting to special elements.

Taking into account the symmetry of the problem, the integro-variational formulation of the
elasticity equation for that particular geometry is

E/ 1 [

— In

4n L L
where W is a virtual fracture opening field.

The lubrication eqn (2) is multiplied by a space weighting function and integrated over the wet
length of the fracture. Following the work by Bonnerot and Jamet (1974, 1979) on Stefan problems,
the resulting equation is multiplied by a weighting function depending on time only and integrated
on the time step. Although this operation results into a much more complex formulation, it also
yields great stability to the solution.

The creation of new fracture surface is taken into account by computing the mode I stress
intensity factor K. The stress intensity factor is computed using the Bueckner—Rice (Bueckner,

1970; Rice, 1972) weight function; for the symmetric plane strain fracture of concern, K; can be
expressed as:

[ p(x)
Ko=2 ]| 222 _dy. B.2
\/;L\/Iz—x2 ¥ (B-2)

The following set of initial/boundary conditions, including the propagation criterion, is also
considered.

xX+x

ow oW , AU
FE dxdx = Lp(x IW(x")dx (B.1)

x—x
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e The far-field minimum principal stress g, is assumed to be known and constant in space and
time. The constant rate of fluid injection into the fracture, Q,, is also given.

e The aperture of the fracture at the tip is zero.

e If there is a dry zone (between the fracture tip and the fluid front), the pressure in this zone is set
to either the far-field formation pressure for high permeability rocks, or as the fracturing fluid
vapor pressure for low permeability rocks.

e If the computed size of the dry zone is zero, the fluid pressure at the tip is a priori unknown and
is computed as part of the solution.

o If the fracture is propagating, the mode I stress intensity factor K is equal to the fracture
toughness of the material K., and the speed of the fluid at the fluid front is equal to the speed at
which the fluid front itself moves (Stefan boundary condition).

Implementation considerations

Two sets of independent variables are considered for the description of space and time. The first
set consists of (x, r) where x is the distance measured from the center of the wellbore along one
wing of the fracture and ¢ is the time with its origin taken at the start of fluid injection. The second
set consists of normalized quantities better suited to the adopted discretization strategy: (&', 1),
where & is a normalized distance equal to 0 at the wellbore radius and 1 at the fluid front of the
fracture, and 7 is a normalized time equal to 0 at instant 7, and 1 at instant ¢, ;.

The width and the fluid pressure are discretized in the stretching space & and in time 7. A
stretching mesh with a constant number of isoparametric elements is used. This approach has
numerous advantages: it avoids the need for adding or collapsing elements in the course of the
simulation. Also, each element in the wet zone of the fracture keeps a constant position in the
normalized system of coordinates (&', 7). The numerical coefficients needed to evaluate integrals
over a particular element need therefore to be computed only once, resulting in significant speed
up of the computation.

The equations mentioned above are mapped from the (x, ¢) to the (&', 7) system of variables. A
Galerkin formulation is then used for both the elasticity and the fluid flow equation, together with
a linear interpolation in time and a quadratic interpolation in &',

Given the complete solution at time ¢, the solution scheme consists of three loops. In the lowest
level loop, the fluid flow and the elasticity equations are solved concurrently for nodal width and
pressure with a Newton—Raphson scheme. In the intermediate level loop, the propagation criterion
is checked, and the tip boundary condition modified accordingly: either the size of the fluid lag is
changed, or the pressure at the tip is changed if the size of the lag is zero. In the top level loop, the
global mass balance is checked and the time step modified accordingly.

Once the final solution for a particular time step is found, it is recorded and the fracture is
advanced by a fraction of its length (between 1 and 5%, usually about 2%) and the solution
scheme started again.

Note that the algorithm presented above is working on the basis that the complete solution is
known at the previous time stage. This raises the problem of finding the solution for the first
considered time stage ¢,. In fact, as noted in this paper, the behavior of the width and pressure
profiles exhibits self-similarity for a constant injection rate. This self-similarity is used for this first
time stage to obtain a formulation depending on w(¢,) and p«(¢,) only. Once the first solution is
obtained, the solution scheme switches to the two points recurrence scheme described previously.
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